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R. Coleman and W. McCallum calculated ramiﬁed components of
the Jacobi sum Hecke characters explicitly using their computation
of the stable reduction of the Fermat curve in Coleman and
McCallum (1988) [CW]. In this paper, we give an elementary proof
of the main result of them without using rigid geometry or the
stable model of the Fermat curve.
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1. Introduction
R. Coleman and W. McCallum calculated ramiﬁed components of the Jacobi sum Hecke characters
explicitly using their computation of the stable reduction of the Fermat curve in [CW]. They found
the stable reduction of the Fermat curve on the basis of rigid geometry.
In this paper, we give an elementary proof of the main result of them about the Jacobi sum Hecke
characters without using rigid geometry or the stable model of the Fermat curve. Let K denote a ﬁnite
extension of Qp . We ﬁx a prime number l = p. Let UK be the projective line minus {0,1,∞} over K
and Kχ the smooth Ql-sheaf on UK associated to a certain quotient of the Fermat curve. Our aim
is to calculate explicitly the Galois action on the étale cohomology group H1c (U K¯ ,Kχ ) which realizes
the Jacobi sum Hecke character as in [CW]. (Theorem 3.1.)
The author was inspired by an argument of [AS, Proposition 4.11]. It is a great pleasure for the
author to thank Professor T. Saito for teaching me the paper of Coleman and McCallum, several dis-
cussions and reading this paper carefully. This research is supported by JSPS-Fellowships for Young
Scientists.
2. Preliminaries
In this section, we ﬁx some notations and show several lemmas to prove the main theorem.
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T. Tsushima / Journal of Number Theory 130 (2010) 1932–1938 1933Let K be a henselian discrete valuation ﬁeld of mixed characteristic (0, p) with OK the integer
ring, with mK the maximal ideal and with F the residue ﬁeld. For an integer i > 0, we put U
(i)
K :=
1 + miK and Gri K× := U (i)K /U (i+1)K . We denote by ordK the normalized additive valuation of K . We
put eK := ordK (p). We ﬁx a uniformizer πK and write p = uπ eKK for some unit u ∈O×K .
Lemma 2.1. Let the notation and the assumption be as above.
1. Let i > eKp−1 be a positive integer. Then the p-th power map K
× −→ K× induces an isomorphism
Gri K
× ∼−→Gri+eK K×; 1+ a → 1+ pa.
2. Let i = eKp−1 be an integer. Then the p-th power map K× −→ K× induces the following map
Gri K
× −→ Gri+eK K×; 1+ a → 1+ pa + ap .
Proof. Since we have (1+ a)p ≡ 1+ pa + ap (mod pa2), the assertions follow immediately. 
Corollary 2.2. Let the notation be as in Lemma 2.1. For a positive integer i > eKp−1 , elements in U
(i+neK )
K have
pn-th roots in U (i)K .
Proof. This follows from Lemma 2.1. 
Let p be an odd prime number and n, p m′ positive integers and we put m = pnm′. Let K denote
a ﬁnite extension of Qp containing m-th roots of unity with the integer ring OK and with the residue
ﬁeld k. We ﬁx ζ a primitive p-th root of unity in K . It is known that −p has a (p − 1)-th root in
Qp(μp). (For example see [G, Section 5.6].) We choose a (p − 1)-th root π1 of −p in K . The element
π1/(1− ζ ) is a unit and the reduction a¯ := (π1/(1− ζ )) is contained in Fp . We take a lifting a ∈OK
of a¯ and put π := π1/a. Then, the element π ∈ K satisﬁes π p−1 = −p, π1−ζ ≡ 1 (mod π).
Let l = p be a prime number. We ﬁx an embedding K ↪→ Ql. Let χ : μm(K ) −→ Q×l be a
non-trivial character induced by this embedding. We deﬁne ψ0 : Fp −→ Q×l to be the composite
Fp −→ μp(K ) ⊂ μm(K ) −→ Q×l where the ﬁrst map has the form 1 → ζ and the last map is χ. We
denote by χ ′ : μm′ (k) −→ Q×l the composite of the canonical isomorphism μm′ (k)  μm′ (K ) and the
restriction χ |μm′ (K ) to the subgroup μm′ (K ) ⊂ μm(K ).
Let U be a regular noetherian scheme which is ﬂat over OK and D ⊂ U an irreducible divisor.
We assume that U\D = U ⊗OK K . For an invertible function f on U , we write f¯ for the image
of f by the restriction map Γ (U ,O×U ) −→ Γ (D,O×D ). For an invertible function f on U , Kχ ( f )
denotes the smooth Ql-sheaf on U\D associated to the character χ and the equation ym = f . For an
invertible function f¯ on D, Kχ ′ ( f¯ ) denotes the Kummer sheaf on D deﬁned by the character χ ′ and
the equation ym
′ = f¯ . For a regular function h¯ on D, Lψ0 (h¯) denotes the Artin–Schreier sheaf on D
associated to the additive character ψ0 and the equation ap − a = h¯.
Corollary 2.3. Let the notation and the assumptions be as above. Let f be an invertible function on U . We
assume that f − 1 is divisible by π p pn−1 and put h := ( f − 1)/π p pn−1.
1. The sheafKχ ( f ) extends to a smooth sheaf on U , which we denote by K˜ .
2. The restriction of K˜ to D is the sheafLψ0 (
h¯
m′ ).
Proof. 1. Let OK be the henselization of the local ring OU ,η where η is the generic point of the divi-
sor D. The sheaf Kχ ( f ) is equal to the Kummer sheaf K deﬁned by the equation ypm
′ = 1 + π ph
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K1 and K2 denote the Kummer sheaves deﬁned by equations ym
′ = 1 + π ph and yp = 1 + π ph
respectively. Then, we have K =K ⊗k11 ⊗K ⊗k22 . Obviously the sheaf K1 extends to a smooth sheaf
whose restriction to the special ﬁber is a trivial sheaf. Hence, to prove 1, it is suﬃcient to show
that the Kummer covering of SpecK deﬁned by the equation yp = 1 + π ph extends to a ﬁnite étale
covering of SpecOK by the Zariski–Nagata’s purity theorem (SGA 2 X 3.4). We consider a polynom-
inal g = (1+πa)p−(1+π ph)π p where a is an indeterminant. Then g is contained in the polynominal ringOK[a]. The OK-scheme SpecOK[a]/(g) is ﬁnite Galois étale over SpecOK and its generic ﬁber is the
Kummer covering yp = 1+ π ph of SpecK. Therefore the required assertion follows.
2. The special ﬁber of the scheme SpecOK[a]/(g) in the proof of 1 is deﬁned by the following
equation ap − a = h¯. Hence the restriction of K˜ to D is the Artin–Schreier sheaf deﬁned by the
equation ap − a = k2h¯ = h¯m′ . 
In the following, we collect some well-known facts on the cospecialization map.
Lemma 2.4. Let K be a ﬁnite extension of Qp with the integer ring OK . Let Y be a noetherian scheme of
dimension 2which is proper and separable overOK (i.e. ﬂat overOK and its ﬁbers are geometrically reduced)
with geometrically connected ﬁbers. Let l = p be a prime number and Λ denotes a ﬁnite commutative Zl-
algebra. Let DY ⊂ Y be a closed subscheme which is ﬂat overOK . Let W be the complement of DY in Y . Then
the cospecialization map H1c (Ws¯,Λ) −→ H1c (WK¯ ,Λ) is injective.
Proof. We consider the following commutative diagram
0 H0(Ys¯,Λ)

H0((DY )s¯,Λ) H
1
c (Ws¯,Λ)
cosp.
H1(Ys¯,Λ)
cosp.
0 H0(Y K¯ ,Λ) H
0((DY )K¯ ,Λ) H
1
c (WK¯ ,Λ) H
1(Y K¯ ,Λ)
where the horizontal sequences are exact. Since the scheme DY is ﬂat over OK , the cospecialization
map H0((DY )s¯,Λ) −→ H0((DY )K¯ ,Λ) is injective. Since the ﬁbers of Y are geometrically connected,
the map H0(Ys¯,Λ) −→ H0(Y K¯ ,Λ) is an isomorphism. The cospecialization map H1(Ys¯,Λ) −→
H1(Y K¯ ,Λ) is injective by the semi-continuity theorem of the fundamental group in Corollaire 2.4
in SGA1 X. Hence we have proved the required assertion by the diagram chasing. 
Corollary 2.5. Let X be a regular noetherian scheme of dimension 2 which is proper and separable over OK .
We assume that the generic ﬁber of X is geometrically irreducible. Let D ⊂ X be a closed subscheme which
is ﬂat over OK . Let U be the complement of D in X . Let f : W −→ U be a ﬁnite Galois étale covering of
Galois group G. We assume that the generic ﬁber of W is geometrically connected. Let ρ : G −→ GL(V )
be an l-adic representation on a ﬁnite dimensional Ql-vector space V . We denote by Kρ the smooth Ql-
sheaf on U associated to the covering W −→ U and the representation ρ. Then the cospecialization map
H1c (Us¯,Kρ) −→ H1c (U K¯ ,Kρ) is injective.
Proof. We consider the following cartesian diagram
W
f
Y
f¯
U X
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in [Li, Section 8.2, 2.15(b)], f¯ : Y −→ X is ﬂat. Hence, by [Li, Proposition 3.8], the ﬁbers of Y are
geometrically reduced. Therefore Y is separable over OK . Since we assume that the generic ﬁber of X
is geometrically irreducible, the generic ﬁber of Y is geometrically irreducible by [Li, Proposition 3.8].
Therefore the special ﬁber Ys is also geometrically connected by [Li, Corollary 3.6]. Hence W ⊂ Y
satisﬁes the conditions in Lemma 2.4. Thereby the cospecialization map H1c (Ws¯,Ql) −→ H1c (WK¯ ,Ql)
is injective by Lemma 2.4. We consider the following commutative diagram
H1c (Ws¯, f
∗Kρ)
cosp.
H1c (WK¯ , f
∗Kρ)
H1c (Us¯,Kρ)
f ∗
cosp.
H1c (U K¯ ,Kρ)
f ∗
where the horizontal arrows are the cospecialization maps. Since the pull-back f ∗ : H1c (Us¯,Kρ) −→
H1c (Ws¯, f
∗Kρ) is injective and f ∗Kρ is a constant sheaf, the assertion follows from the above com-
mutative diagram. 
3. Main theorem and its proof
Let a,b, c be integers satisfying a + b + c = 0. We write a = pra′, (p,a′) = 1. We assume that
(m,a,b, c) = 1, (p,b) = 1, (p, c) = 1 and n  r. We put K = Qp(μm). For an element f ∈ K×, we
denote by Q( f ) the smooth Ql-sheaf on Spec K deﬁned by the quadratic Kummer extension y2 = f .
Let Fma,b,c : ym = (−1)cxa(1 − x)b be a quotient of the Fermat curve over K . The curve Fma,b,c
is geometrically connected. This curve is a ﬁnite Galois étale covering of UK := P1K − {0,1,∞} =
Spec K [x±1, 11−x ] of Galois group μm(K ). We simply write Kχ for the smooth Ql-sheaf
Kχ ((−1)cxa(1 − x)b) on UK under the notation in Corollary 2.3. We will compute the Galois ac-
tion on the étale cohomology group H1c (U K¯ ,Kχ ) explicitly. We have dim H
1
c (U K¯ ,Kχ ) = 1. Note that
the Galois representation H1c (U K¯ ,Kχ ) is a direct factor of the Tate module of the Jacobian of the
Fermat curve Fma,b,c and the Tate module realizes the Jacobi sum Hecke character by CM theory as in
[CW, Corollary 5.2]. The Galois representation H1c (U K¯ ,Kχ ) is described by using Hilbert symbols and
Gauss sums as follows.
Theorem 3.1 (Coleman and McCallum). Let the notation and the assumptions be as above.
1. Suppose n = r. Then we have an isomorphism
H1c (U K¯ ,Kχ ) Kχ
(
(−1)c(π pn)a)⊗ H1c
(
Gm,k¯,Kχ ′
(
sa
′)⊗Lψ0
(
b
m′
s
))
as a GK -representation of degree 1.
2. Suppose p  5 and n > r. We put γ = a′2m′ ∈ k. Then we have an isomorphism
H1c (U K¯ ,Kχ ) Kχ
(
aabbcc
)⊗Q(π pn−r)⊗ H1c (A1k¯ ,Lψ0(γ s2))
as a GK -representation of degree 1.
Remark 3.2. If we identify a GK -representation of degree 1 with a character of K× by the local class
ﬁeld theory, the Kummer sheaf Kχ ( f ) on Spec K for an element f ∈ K× is identiﬁed with the Hilbert
symbol K× −→ Q×l ; a → χ((a, f )m).
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1. Let ψk : k −→ Q×l be the composite of the trace map k −→ Fp and the additive character ψ0. Then we
have dim H1c (A
1
k¯
,Lψ0 (γ s
2)) = 1 and the geometric Frobenius acts on this unramiﬁed representation
H1c (A
1
k¯
,Lψ0 (γ s
2)) as the multiplication by the quadratic Gauss sum
∑
s∈k ψk(γ s2).
2. Let ( p )m′ : k× −→ μm′ (k) be the m′-th power Legendre symbol.
Then we have dim H1c (Gm,k¯,Kχ ′ (s
a′ ) ⊗Lψ0 ( bm′ s)) = 1 and the geometric Frobenius acts on the unramiﬁed
representation H1c (Gm,k¯,Kχ ′ (s
a′ )⊗Lψ0 ( bm′ s)) as themultiplication by the Gauss sum−
∑
s∈k× χ ′(( sp )m′ )
a′ ·
ψk(
b
m′ s).
Proof. These follow from [D, Sommes Trig. (4.3)(i) and (4.3)(ii)]. (See also [AS, Lemma 4.12] for 1 and
[La, Proposition (1.4.3.2)] for 2.) 
Proof of Theorem 3.1.1. If we change a coordinate x = π pns, the sheaf Kχ on UK has the following
form ym = (−1)c(π pn)asa(1 − π pns)b. We put f := (1 − π pns)b and consider an OK -scheme U :=
SpecOK [s±1, 1f ] whose special ﬁber is D := Gm,k = Speck[s±1]. The projection formula induces an
isomorphism
H1c (U K¯ ,Kχ ) Kχ
(
(−1)c(π pn)a)⊗ H1c (U K¯ ,Kχ (sa f )) (3.1)
as a GK -representation of degree 1. We have Kχ (sa f ) Kχ (sa) ⊗Kχ ( f ). By the assumption n = r,
the sheaf Kχ (sa) extends to a smooth sheaf on U whose restriction to D is the Kummer sheaf
Kχ ′ (sa
′
). We have ( f − 1)/π p pn−1|D = bs. Hence, by Corollary 2.3, the sheaf Kχ ( f ) extends to a
smooth sheaf on U whose restriction to the special ﬁber D = Gm,k is the sheaf Lψ0 ( bm′ s). Thereby
we obtain the following cospecialization map
H1c
(
Gm,k¯,Kχ ′
(
sa
′)⊗Lψ0
(
b
m′
s
))
−→ H1c
(
U K¯ ,Kχ
(
sa f
))
. (3.2)
Let U ⊂ X := P1OK be the canonical compactiﬁcation. The complement X\U is ﬂat over OK . Let W de-
note an OK -scheme SpecOK [s±,1/ f , y±]/(ym − sa f ). The morphism W −→ U is ﬁnite Galois étale.
Then the ﬁber WK¯ is canonically isomorphic to the connected curve (F
m
a,b,c)K¯ . Hence the above map
(3.2) is injective by Corollary 2.5. We have dim H1c (Gm,k¯,Kχ ′ (s
a′ ) ⊗Lψ0 ( bm′ s)) = 1 by Lemma 3.3.2
and dim H1c (U K¯ ,Kχ (s
a f )) = 1. Hence the map (3.2) induces an isomorphism. Therefore the required
assertion 1 follows from (3.1). 
Next we prove Theorem 3.1.2. If we change a coordinate t = 1+ ca x, the sheaf Kχ is associated to
the following equation ym = aabbcc(1− t)a(1+ ab t)b. We put f := (1− t)a(1+ ab t)b. In the same way
as (3.1), the projection formula induces an isomorphism as a GK -representation of degree 1
H1c (U K¯ ,Kχ ) Kχ
(
aabbcc
)⊗ H1c (U K¯ ,Kχ ( f )). (3.3)
We consider the quadratic extension K1 := K ((π pn−r)1/2)/K and again change a coordinate t =
(π pn−r)1/2s. Let U denote an OK1 -scheme SpecOK1 [s, 1f ]. Then the generic ﬁber of U is canonically
isomorphic to UK1 = P1K1 − {0,1,∞} and the special ﬁber D := Us is isomorphic to A1k = Speck[s].
We calculate the Galois action on H1c (U K¯ ,Kχ ( f )). First we prove the following lemma to apply
Corollary 2.3. When ordK1 (h − h′) is greater than ordK1 (π p pn−1), we write h = h′ (mod π p pn−1+).
T. Tsushima / Journal of Number Theory 130 (2010) 1932–1938 1937Lemma 3.4. The element f −1 is divisible by π p pn−1 and the restriction ( f −1)/π p pn−1|D is equal to a′2 s2.
Proof. We prove
ordK1
((
pr
i
)
ti
)
> ordK1
((
pr
2
)
t2
)
= reK1 +
eK1
2
(
1
p − 1 + n − r
)
(3.4)
for 3  i  pr . Let ordp denote the valuation of Qp . Then the above inequality is equivalent to the
following inequality i−22 (
1
p−1 + n − r) > r − ordp(
(pr
i
)
). Hence it is suﬃcient to check that
p(i − 2)
2(p − 1) > r − ordp
((
pr
i
))
. (3.5)
If i is prime to p, the valuation ordp(
(pr
i
)
) is equal to r. In this case, the inequality (3.5) is trivial. If i
is written as pkh with (p,h) = 1, the valuation ordp(
(pr
i
)
) is equal to r −k. Hence the inequality (3.5)
is equivalent to the following p(p
kh−2)
2(p−1) > k. Since we assume p  5, this always holds.
By the inequality (3.4), we have the following congruence (1− t)pr = 1− prt + (pr2 )t2 = 1− prt −
prt2/2 (mod π p pn−1+). Hence, the following holds
(1− t)a = 1− at − a
2
t2
(
mod π p pn−1+). (3.6)
We have (1+ ab t)b = 1+ at (mod π p pn−1+). By this congruence and (3.6), we acquire f = 1− a2 t2 =
1+ a′π p pn−12 s2 (mod π p pn−1+). Hence the assertion follows. 
Remark 3.5. The inequality (3.5) does not hold if p = 3, n − r = 1, i = 3.
Proof of Theorem 3.1.2. Hence, by Lemma 3.4 and Corollary 2.3, the sheaf Kχ ( f ) extends to a
smooth sheaf on U whose restriction to the special ﬁber A1k is the Artin–Schreier sheaf Lψ0 (γ s
2).
Hence we acquire the following cospecialization map H1c (A
1
k¯
,Lψ0 (γ s
2)) −→ H1c (U K¯ ,Kχ ( f )).
Let W be an OK1 -scheme SpecOK1 [s,1/ f , y]/(ym − f ). The scheme W is a ﬁnite Galois étale
covering of U . The ﬁber WK¯1 is canonically isomorphic to the connected curve (F
m
a,b,c)K¯1 . Let U ⊂
X := P1OK1 be the canonical compactiﬁcation. Then the complement X\U is ﬂat over OK1 . Hence the
cospecialization map is injective by Corollary 2.5. We have dim H1c (A
1
k¯
,Lψ0 (γ s
2)) = 1 by Lemma 3.3.1
and obviously we have dim H1c (U K¯ ,Kχ ( f )) = 1. Therefore the map induces an isomorphism
H1c
(
A1
k¯
,Lψ0
(
γ s2
)) H1c (U K¯ ,Kχ ( f ))
as a GK1 -representation of degree 1. We write Q(π p
n−r) for the character GK −→ {±1}; σ →
((π pn−r)1/2)σ−1. Then the Galois group GK acts on A1k¯ as s → Q(π pn−r)(σ )s. The inertia group
I K1 acts on H
1
c (A
1
k¯
,Lψ0 (γ s
2)) trivially and the quotient I K /I K1 acts on this group as Q(π p
n−r).
Thereby we obtain the following isomorphism
H1c
(
A1
k¯
,Lψ0
(
γ s2
))⊗Q(π pn−r) H1c (U K¯ ,Kχ ( f )) (3.7)
as a GK -representation. By the isomorphisms (3.3) and (3.7), the required assertion 2 follows. Hence
we have proved the main theorem. 
1938 T. Tsushima / Journal of Number Theory 130 (2010) 1932–1938References
[AS] A. Abbes, T. Saito, Local Fourier transform and epsilon factor, arXiv:0809.0180v1 [mathAG], Compos. Math., in press.
[CW] R. Coleman, W. McCallum, Stable reduction of Fermat curves and Jacobi sum Hecke characters, J. Reine Angew. Math.
(1988) 41–101.
[D] P. Deligne, Cohomologie étale, SGA 4 12 , Lecture Notes in Math., vol. 569, Springer-Verlag, 1977.
[G] F.Q. Gouvea, p-Adic Numbers. An Introduction, second edition, Universitext, Springer-Verlag, Berlin, 1997, vi+298 pp.
[La] G. Laumon, Transformation de Fourier, constantes d’équations fonctionnelles et conjecture de Weil, Publ. Math. Inst.
Hautes Etudes Sci. 65 (1987) 131–210.
[Li] Q. Liu, Algebraic Geometry and Arithmetic Curves, translated from the French by Reinie Erne, Oxf. Grad. Texts Math.,
vol. 6, Oxford Science Publications, Oxford University Press, Oxford, 2002, xvi+576 pp.
